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ASYMPTOTIC  EXPANSIONS  FOR 
A  CLASS  OF  HYPERGEOMETRIC 

FUNCTIONS 

i.  nmooocTXOK 

The  study  of  hypergeometric  functions  is  an  old  one  and  may  be 
traced  back  to  Gauss.  Since  then  this  function  has  been  extensively 
analyzed  and  a  comprehensive  account  of  all  the  major  results  is  given 
by  Erdelyi  et  al  [1953] 1 .  This  subject  is  so  rich  and  colorful  that 
decades  of  research  do  not  seem  to  have  exhausted  interest  in  it  - 
investigators  continue  to  find  numerous  applications  in  various 
disciplines.  It  is  pleasing  to  note  that  most  elementary  and  special 
functions  can  be  expressed  in  terms  of  hypergeometric  functions.  What  is 
more  fascinating  is  that  several  obscure  integrals  have  simple 
representations  in  terms  of  hypergeometric  functions.  Thus, it  is  still 
of  interest  to  researchers  to  explore  further  the  properties  of  and 
inter-relations  between  various  hypergeometric  functions. 

Appell  [Appell  and  Kampd  de  Fdriet,  1926]’  extended  the  notion  of 
hypergeometric  function  in  a  single  variable  to  two  variables.  He 
defined  four  types  of  such  functions.  Later.  Horn  [1931]’  discovered  a 
few  more  and  a  complete  list  of  all  the  hypergeometric  functions  in  two 
variables  is  given  by  Erdelyi  et  al  [1953] J.  There  are  some  errors  in 
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this  list  and  the  corrected  versions  are  given  in  Srivastava  and 
Karlsson  £1985]* 

In  this  report  we  are  concerned  with  the  asymptotic  series 
expansions  of  these  hypergeometric  functions  when  the  magnitude  of  one 
of  the  variables  becomes  large.  The  basic  concept  is  that  of  analytic 
continuation  using  a  Barnes-type  integral  representation. 

a.  ANALYSIS 

We  begin  by  examining  a  Barnes -type  integral  suitable  for  the 
hypergeometric  function  under  investigation.  Depending  on  the  contour  of 
integration  we  obtain  two  types  of  expansions:  this  leads  to  the  desired 
representation  of  the  hypergeometric  function.  Detailed  analysis  of  this 
procedure  is  provided  for  the  first  hypergeometric  function  F^a.p.j}; 
7;x.y) .  For  the  other  thirteen  hypergeometric  functions  that  belong  to 
this  class  the  discussion  is  brief  since  the  procedures  are  similar. 

Consider 

*  5 k  I  Ki  r<*«>  r<-  *>  <-  r>1  *  <» 

c+ 

where  C+  is  the  semicircular  contour  on  the  right  hand  side  (see 
Figure  1)  of  the  z-plane;  a.j).?.  and  y  are  complex  while  m  is  an 
integer.  As  shown  in  the  figure  the  contour  is  indented  in  such  a  way 
that  the  sequence  of  poles  extending  to  the  right  (z  •  n:  n  ■  0.  1.  2. 

...  )  is  separated  from  that  extending  to  the  left  (z  *  -  n  -  p  : 
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*“-n-a-m  for  n  ■  0 .  1,  2.  ...  ).  Let  the  radius  of  the  semi  - 
circle  be  R.  Also  we  assume  that  all  the  poles  are  simple. 


2*1  \  -  f  *  S 

AB  BCA 


-  I  ♦  J 


+ 


(2) 


Consider  first 


*/2 

J*~  f  ~r(fwxj  r<?+1>  r("  *>  <■  ,3) 

-  ir/2 


On  using  the  identity 


r(l+z)  r(~  z)  -  ~  *  cosec(wz) 


(4) 
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+ 


*/2 
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*/2 


iReitf(-  if) 


r(o+m+z)  T(B-t-z) 
r<7+m+z)  r(i+z> 


cosec(irz) 


(-  y)z  d e 


s 


/ 


«/2 


mR 


r(o-«-m-t-zi  r(B-t-z) 

r(7+m+z)  r(i+z) 


|cosec(ez) |  |(-y)Z  d8 


(5) 


Now  the  asymptotic  form  of  the  gamma  function  is  given  as  [Abramovitz 
and  Stegun.  1964] 5 


r<«z+b)  -  J(in)  e  *Z  (az)*Z+b  5  ,  |z|  -*  •»  ,  |arg(z)|  <  n  ,  •  >  0 

(6) 
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^■■•":U:'*  ;V>‘;:  .  •  ,’,  ‘  ':  •  ‘‘V ."I  >;.  ;  '•,•'/  •".  .  y ; 


r(a+m+z)  T(8+z) 
r(r*-»+z)  r(i+r) 


-  n0'*?'"*'*1  exp  (  -  #(o-+3«.7-)) 


where  '  and  *  denote  respectively  the  real  and  imaginary  parts  of  a 
complex  quantity.  Also 


|cosec(*z) |  -  2  e  *lz  I 


<-  y)1  |  -  |y|*  « 


*'  -  #«* 


where 


4  m  arg<-  y) 


Thus  the  integrand  of  Eq.  (5)  (call  it  Tj)  becomes 


Tl  -  Aj  A"'+?'-''|ylRco"  •*?{  -  *1*1”  »l  <’♦*>  / 


0  <  0  <  n/2 


Ka'+?''y'  |yiRc0‘*  «P{  -  m.it.  *i  («-*>  } 


0  >  *  >  -a/2 


where  A1  is  independent  of  R. 


5 


Now  as  R  — 


T,  -*  0  if  Jy |  <  1  and  |*|  <  *  (12) 

Also  as  R 

1  *  _  £"*  "nSi r<2+l>  r(' *>  <-  y>*  (13) 

Evaluating  Eq.  (1)  by  the  Cauchy  integral  theorem 

90 

I+  -  ^  Residue  at  *  -  n 
n— 0 


-£ 

n— 0 


(-  y) 


n 


r(a)  T(6)  r5  (a)m4n 

l -  (7) 


Tii) 


(3). 


n— 0 


m+n 


y 

n! 


(14) 


where  we  use  the  Pochhamer  symbol 


U)  .  _E1»+P) 

( }n  T(a) 


Thus  from  Eqs .  (14).  (13).  (2).  (12) 


l  m  —  2jri  r<°)  r<?)  f  ■  (?) 

r(7)  L- 


n-0  <7)»+n 


y 

'n  n! 


(15) 


(16) 
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Consider  now 


J-  *  jh  I  -rSXz)  r<^>  r<-  11  ('  *>*  d* 


(17) 


r(-f+B+z) 

c_ 

where  C_  is  the  semicircular  contour  (AODB)  of  radius  R  in  the  left 
half  of  the  z-plane  (see  Figure  2). 

As  before 


2«i  I  -  -  I  -  J 


where 


J  • 


3*/2 

J 


«/2 


r(o+m+z) 

T(7+m+z) 


r<3+z)  r<-  z) 


(-  y)Z  d(ReU) 


(18) 


(19) 


Using  the  identity  of  Eq.  (A) 


J 


3*/2 

I 


*/2 


iRe 


ie 


r(l-7-m-z  ) 
it  cosec  [s<7+in+z)  J 


cosec  fw(<H-m+z)  1  cosec [w(fl+z) 1 
cosec (s(7+m+z) ] 


(-  y)z|  d* 
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3w/2 
/  Rs 
w/2 


r(l-7-a-z)  T(-  z) 

r(l-a-m-z)  r(l-3-z) 


it  cosec  [*(fl+z)  1  it  cosec  fir (a+nn-z)  ] 

r(l-J-z)  r(l-a-m-z) 


r<-  z)  (-  y)z  de 


(20) 
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and  since 


|r<a-z)|  -  JTK)  e~  z’r*,‘2'  r’  1/2  a*p[-  f(a"-z")]  .  |arg(z)|  >  0 

(21) 


rq-TT-n-z)  T(-  2) 
r(i-Q-n-z)  rq-3*z) 


bo'+3'-7'*1 


exp[-  #(a"+^"-7")] .  arg(z)  >  0 


and 


(22) 


cosec  [  w  (a+m+7 )  1  cosec  [w(fl+z)  1 
cosecl»(7+m+z) ] 


2  e 


*|z"| 


(23) 


thus  T2.  the  integrand  in  Eq.  (19)  is  given  as 


T2  '  A2  R°  lyl”  R|cosM  exp{  -  R|sin  t |  <*+*)  }  */2  <  6  <  * 

A2  r°'+3'  "T'  |y|“  R|co*«l  exp{  _  R(sln  0|  (*.*)  }  ir  <  $  <  3*/2 

(24) 


vhere  A2  is  independent  of  R. 

It  is  clear  then  that  as  R 

T2  -»  0  if  | y  1  >  1  and  |arg(-  y)  |  <  * 


(25) 
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Evaluating  Eq.  (19)  by  the  Cauchy  integral  theorem 


I 


■  -  )  Residue  st  z 
n-0 


-n-a-m 


-  ^  Residue  at  z  -  -n*3  (26) 

n-0 


From  Eqs.  (26).  (25).  (20)  and  (18) 


I  -  y  Residue  at  z 
n-0 


-n-a-m 


+  ^  Residue  at  z  -  -n -fi  if  |y|  >  1  and  |arg(-  y)  |  <  w 

n-0  (27) 


Thus  for  |y|  >  1  we  may  analytically  continue  the  RHS  of  Eq.  (16)  to  the 
RHS  of  Eq.  (27)  as  follows. 


t-S  (a) 


uni  nh 

r(7)  <7>_.n 

n-0  ®+n 


L 


«+n  ,■* 


»). 


/  Residue  at  z  -  -n-a-m 
n— 0 


4  2L  Residu*  *  -  -n-3  ;  |y|  >  1  end  |arg(-  y)  |  <  w 

n-0  (28) 
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Residue  at  z  **  -n-o-m 


-  -  i=-±l 


n 


n!  r<„^n,  (-  y)-- 


.  _  izJl 


m+n 


n! 


<o)m+n  <l4tt‘7jn  Ha)  T(g-a)  . 

r(7-o)  1  y) 


-m-n-e 


<l+«-3> 


(29) 


m+n 


Residue  it  z  *  -n-p 


.  -  r<»-fo.:si  rtf+n)  *=4i"  <- 

r(7-3+o-n)  n! 


(o-3)_.n  _ 

- r-2^  <*)n 

(y~0),  n 


m-n 


r<3)  ■(-■!)"  (-  »)•»•? 

r<7-3)  "5  y 


(30) 


Using  Eqs.  (29)  and  (30)  in  Eq.  (28). 


r(a)  r(g)  r5  (a)»+n 


r(7) 


L 


*-0  "" 


(JU  <-  »-*"  (.y) 


r(3)  ro>-3)  r*  -i°jW 


r<7*3) 


n-0 


(7-3). 


(3) 


n 


Il_12 

n! 


n 


< 


-  y)-"-? 


i-n 


(31) 
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X* 

Multiplying  both  sides  of  Eq.  (31)  by  (0_)  —  and  summing  over  m  -  0 

m ! 

to  ••  we  get 


issL  nh  f 
r<7)  4 


E- 

n-0 


(o) 


a+n 


(7) 


a+n 


(3)„  <*>» 

n  n 


.  _  UsLIShsl 

r<7-«)  y) 


to  to 

•L  E 

in-0  n-0 


</»>. 


<“>«n 


(l+«*0) 


m+n 


L*/y)m  d/y)n 

m!  n! 


_  r(gL_Lfe;j)  v)-3 

r(7-3)  y 


m 

•  L 

m-0 


L  <«. 

n-0 


(o-3) 

(7*3) 


m-n 


m-n 


n! 


(32) 


It  may  be  noted  that  in  our  derivation  m  has  been  implicitly  assumed  to 
be  a  finite  integer.  But  since  the  series  in  Eq.(32)  is  uniformly 
convergent  we  may  let  m  become  arbitrarily  large. 

The  formal  definition  of  the  hypergeometric  function 
Fj  (0.0,0  ;y:x.y)  is  given  as  [Erdelyi  et  al.  1953] 1 
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Fj (a.p,  P  :y:x.y) 


m  m 

-  E  E 


<*>.  <°>~n 


(Y) 


m+n 


(33) 


Thus,  we  have  the  desired  expansion  for  Fj (o.p. p  :y:x .y)  when  |x|  <  1  and 

I  y  I  >  i 

Tl(a,0,0;y;x,y) 

.  _  TSb?±.  Till  (_  y)*° 

r(7-a)  r(3) 


CD  <Q 

•  E  E 


m-0  n-0 


W. 


<°>»+n  <1+°^>n 


(l+a-3) 


m+n 


.teZyj" 

m! 


(l/y)n 

n! 


_  .rfe-jg}  r<7>  (_  y)*3 

r(a)  r<7*3) 


E 

n-0 


<<*-?)„  n 

_ m-n 

<7*?)„  n 

m-n 


-*L  a/y)n 

m!  n! 


(34) 


where  |erg(-  y) |  <  x.  The  above  procedure  may  be  adopted  to  obtain 
asymptotic  expansions  for  other  hypergeometric  functions  belonging  to 
this  class.  To  obtain  the  expansion  for  Fj (a.p.jl  :y. y  :x,y)  we  consider 


*♦  *  SI  J  r(?«»  r('I)  <-»*  * 


(35) 


13 


where  C+  is  as  before  a  semicircular  contour  to  the  right  of  the  z* 
plane.  On  evaluating  Eq.  (35)  we  obtain  for  |y|  <  1  and  |arg(-y)«  <  *, 


i  •  f  ria±*££l  r(3+*)  r<-z)  <-y)r  dz 

-!•  r(7+z) 


r(o)  r<3)  y  (o)n>+n  (^n 

r<’>  n=0  <*>» 


Next  consider  I_  which  is  the  same  integral  as  in  Eq.  (35)  but  along 
the  contour  C_.  This  leads  to 


!  _  _  r(a)  r(g-o)  (  )•«* 

tG-o) 


±11 

n! 


n 


<-y> 


(36) 


•  L 

n-0 


(i+o*3) 


m+n 


(-1) 


n! 


_  j(P)  r(o-jj)  (  j-3 

r(7*3) 


•  E  <*•»..«  <*>„  <-l>"  -Jr 

n-0 


(37) 


if  I y |  >  1  and  |arg(*y)|  <  n. 
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F2(a.0.ji  Y  :x.y) 


m 

L 

n-0 


(a) 


m+n 


(7) 


.  _  LShsjJ£Sjl  (.y)'° 

r(9-o)  rtf) 


_«  _s  (4) 

•II  — 

•— 0  n—O 


m  ^m+n  ^~fo*7^«n-n 

(D.  a«-?)^n 


<•»"  ^ 


(l/v)" 

n! 


_  Lfe-iLim  (.y)-3 
r<>-3)  r(«) 


<p 

I 

n-0 


(«tf  )„  n 

m-n 


a+^-7)n  tf)„ 

n  n 


Q-/Y.f 

n! 


|yj  >  1  ;  | x (  <  1  ;  |*rg(-y)|  <  » 


(39) 

The  conditions  that  appear  in  Eq.  (39)  occur  in  expansions  of  all  the 
hypergeometric  functions  that  we  are  going  to  consider.  Hence* for  the 
sake  of  brevity  we  shall  hereafter  omit  these  conditions. 
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Next  consider 


i  -  £  o»„  </»„ 

m-0 

•  3*1  f  r-T^lh  r(*«>  r<-1>  <•»>*  42  uo 

- 1® 

Closing  the  contour  of  integration  by  semicircles  to  the  right  end  then 
to  the  left  of  the  z -plane  and  evaluating,  we  obtain  as  before 


F3(a.o  .p.p  ;f;x.y) 
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•  L 
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n  n 
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_  _  .  rjfirSL  r.(T)  (  } 
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m  bi  n 
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(-y) 


-3 
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Jo  ^0  a+?-!,n 


(-1) 
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(Vy)n 

n! 


(41) 


17 


To  obtain  an  asymptotic  expansion  for 


F. <a.4;7,7;x,y) 


Y  f  (a)°»n  <*>-n  x"  _£ 

£b  to  <?>.  “!  nf 


(42) 


we  consider 


u3l 


ro  r<4)  (7)b 


- 2L_ 

t- r  (7)«_  »( 


i« 


_i_  J  r^+m+2)  r(-z)  (-y)z  dz 


-1-  r(7+*) 


(43) 


This  leads  to  the  desired  expansion  for  . 
F4 (a. 0:7.  y  :x.y) 


-  _  r(y)  (  -a 

r(y-a)  r(« 


m  m 

•L  1 


(a)m+n  (x/v)w  (1/v) 

(7)_  (l+o-^)„  ®!  n! 

m  n 


-  ,r(a-/?)  r<7)  -4 

m-4)  r<«) 


5®  y  (1*^7)»+n  (x/v)B  a/y)n 
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Next .  consider 
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r(o)  rip) 


rd-3-m) 


l  r*  rra+nn-z)  r(-t)  yz  d*  *45) 

2*i  r<i*3-»«> 
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Consider  next 
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Next  we  seek  an  expansion  for 
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To  this  end  we  consider 
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to  m 
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is  our  next  function.  So  we  consider 
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The  next  function  is 
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we  obtain  the  desired  expansion 
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The  next  function  is 
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The  next  function  is 
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And  finally. 
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s 


We  have  obtained  asymptotic  expansions  for  a  class  of  hypergeometric 
functions  where  the  magnitude  of  one  of  the  variables  is  large  while 
that  of  the  other  is  small.  Using  the  Barnes -type  integral 
representation  the  hypergeometric  function  is  analytically  continued  to 
the  region  of  interest.  The  poles  that  occur  are  assumed  to  be  simple. 
The  case  when  the  poles  are  not  simple  will  be  considered  in  another 
report . 
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